Abstract. In this paper, we investigate boundaries of parabolic subgroups of Coxeter groups. Let (W, S) be a Coxeter system and let T be a subset of S such that the parabolic subgroup W T is infinite. Then we show that if a certain set is quasi-dense in W , then
Introduction and preliminaries
The purpose of this paper is to study boundaries of parabolic subgroups of Coxeter groups. A Coxeter group is a group W having a presentation S | (st) m(s,t) = 1 for s, t ∈ S , where S is a finite set and m : S ×S → N ∪{∞} is a function satisfying the following conditions: (1) m(s, t) = m(t, s) for each s, t ∈ S, (2) m(s, s) = 1 for each s ∈ S, and (3) m(s, t) ≥ 2 for each s, t ∈ S such that s = t. The pair (W, S) is called a Coxeter system. Let (W, S) be a Coxeter system. For a subset T ⊂ S, W T is defined as the subgroup of W generated by T , and called a parabolic subgroup. If T is the empty set, then W T is the trivial group. A subset T ⊂ S is called a spherical subset of S, if the parabolic subgroup W T is finite. For each w ∈ W , we define S(w) = {s ∈ S | ℓ(ws) < ℓ(w)}, where ℓ(w) is the minimum length of words in S which represents w. For a subset T ⊂ S, we also define
A Coxeter system (W, S) is said to be irreducible if for every nonempty and proper subset T of S, W does not decompose as the direct product of W T and W S\T . Let (W, S) be a Coxeter system. Then there exists a unique decomposition {S 1 , . . . , S r } of S such that W is the direct product of the parabolic subgroups W S 1 , . . . , W Sr and each Coxeter system (W S i , S i ) is irreducible (cf. [1] , [9, p.30] ). Here we defineS = {S i | W S i is infinite}. It was proved in [7] that the parabolic subgroup WS is the minimal parabolic subgroup of finite index in W . The parabolic subgroup WS is called the essential parabolic subgroup of (W, S).
Every Coxeter system (W, S) determines a Davis-Moussong complex Σ(W, S) which is a CAT(0) geodesic space ( [3] , [4] , [5] , [10] ). Here the 1-skeleton of Σ(W, S) is the Cayley graph of W with respect to S. The natural action of W on Σ(W, S) is proper, cocompact and by isometry. We can consider a certain fundamental domain K(W, S) which is called a chamber of Σ(W, S) such that W K(W, S) = Σ(W, S) ( [4] , [5] ). If W is infinite, then Σ(W, S) is noncompact and Σ(W, S) can be compactified by adding its ideal boundary ∂Σ(W, S) ( [2] , [4, §4] , [6] ). This boundary ∂Σ(W, S) is called the boundary of (W, S). We note that the natural action of W on Σ(W, S) induces an action of W on ∂Σ(W, S). For each subset T ⊂ S, Σ(W T , T ) is a subcomplex of Σ(W, S) and the boundary ∂Σ(W T , T ) of (W T , T ) is a subspace of ∂Σ(W, S).
A subset A of a space X is said to be dense in X, if A = X. A subset A of a metric space X is said to be quasi-dense, if there exists N > 0 such that each point of X is N-close to some point of A.
Let (W, S) be a Coxeter system. Then W has the word metric
We denote by o(g) the order of an element g in a Coxeter group W . After some preliminaries in Section 2, we prove the following theorem in Section 3. Theorem 1.1. Let (W, S) be a Coxeter system and let T be a subset of S such that W T is infinite. If the set
for some s 0 ∈ S \ T and t ∈T } is quasi-dense in W with respect to the word metric, then W ∂Σ(W T , T ) is dense in ∂Σ(W, S), where WT is the essential parabolic subgroup of (W T , T ).
Remark. For a Gromov hyperbolic group G and the boundary ∂G of G, we can show that Gα is dense in ∂G for any α ∈ ∂G by an easy argument. Hence if W is a hyperbolic Coxeter group, then W ∂Σ(W T , T ) is dense in ∂Σ(W, S) for any T ⊂ S such that W T is infinite.
As an application of Theorem 1.1, we obtain the following corollary.
Corollary 1.2. Let (W, S) be a Coxeter system and let T be a subset of S such that W T is infinite. Suppose that there exist a maximal spherical subset U of S and an element s ∈ S such that o(su) ≥ 3 for every u ∈ U and o(su 0 ) = ∞ for some u 0 ∈ U. If (1) s ∈ T and u 0 ∈T , or Let T = {s 1 , s 4 }. Then we put U = {s 3 , s 4 }, s = s 2 and u 0 = s 4 . Since s ∈ T and u 0 ∈T , by Corollary 1.
Let T = {s 1 , s 2 , s 3 }. Then we put U = {s 3 , s 4 }, s = s 1 and u 0 = s 4 . Since u 0 ∈ T and s ∈T , by Corollary 1.2 (2), W ∂Σ(W T , T ) is dense in ∂Σ(W, S).
Thus, in this example, W ∂Σ(W T , T ) is dense in ∂Σ(W, S) for any subset T ⊂ S such that W T is infinite.
Concerning W -invariantness of ∂Σ(W T , T ), the following theorem is known.
Theorem 1.3 ([7]).
(1) Let (W, S) be a Coxeter system and T ⊂ S. 
Lemmas on Coxeter groups and Σ(W, S)
In this section, we recall and prove some lemmas for Coxeter groups and Σ(W, S) which are used later.
Let (W, S) be a Coxeter system. For a subset T of S, we define A T = {w ∈ W | ℓ(wt) > ℓ(w) for all t ∈ T }. For w ∈ W , a representation w = s 1 · · · s l (s i ∈ S) is said to be reduced, if ℓ(w) = l.
The following lemmas are known.
Lemma 2.1 ([7, Lemma 2.4]). Let (W, S) be a Coxeter system and
T ⊂ S. Then [W : W T ] = |A T |.
Lemma 2.2 ([7, Lemma 2.7])
. Let (W, S) be a Coxeter system, T ⊂ S and t 1 , . . . , t n ∈ S \ T (t i = t j if i = j). Suppose that t i t i+1 = t i+1 t i for any 1 ≤ i ≤ n − 1 and t n t = tt n for any t ∈ T . Then
Theorem 2.3 ([7, Corollary 3.4]). Let (W, S) be a Coxeter system and
T ⊂ S. If W T is a parabolic subgroup of finite index in W , then (1)S ⊂ T , (2) W T = WS × W T \S and (3) [W : W T ] = |W S\S |/|W T \S |.
Lemma 2.4 ([8, Lemma 2.4]).
Let (W, S) be a Coxeter system, w ∈ W and s 0 ∈ S. Suppose that o(s 0 t) ≥ 3 for every t ∈ S(w) and that o(s 0 t 0 ) = ∞ for some t 0 ∈ S(w). Then ws 0 ∈ W {s 0 } .
Lemma 2.5 ([8, Lemma 2.5])
. Let (W, S) be a Coxeter system. Suppose that there exist a maximal spherical subset T of S and s 0 ∈ S such that o(s 0 t) ≥ 3 for every t ∈ T and o(s 0 t 0 ) = ∞ for some t 0 ∈ T . Then W {s 0 } is quasi-dense in W .
Using Lemmas 2.1 and 2.2 and Theorem 2.3, we prove the following lemma.
Lemma 2.6. Let (W, S) be a Coxeter system, let T be a proper subset of S such that W T is infinite, and let
Proof. We note that S(w) ⊂ T for w ∈ W T . Let u 0 ∈ U and let
We show that (W T ) T ′ is finite for any
Thus tu = ut for any t ∈T and u ∈ U. This means that WT ∪U = WT × W U .
We immediately obtain the following lemma from Lemma 2.6. Lemma 2.7. Let (W, S) be a Coxeter system, let T be a proper subset of S such that W T is infinite and let s ∈ S \ T . If st = ts for some t ∈T , then W {s} s ∩ W T is infinite.
Concerning Σ(W, S), the following lemma is known.
Lemma 2.8 ([8, Lemma 3.3])
. Let (W, S) be a Coxeter system and x, y ∈ W . If o(st) = ∞ for each s ∈ S(x) and t ∈ S(y −1 ), then d(x, Im ξ xy ) ≤ N, where ξ xy is the geodesic from 1 to xy in Σ(W, S) and N is the diameter of K(W, S) in Σ(W, S).
Proof of the main results
Using the lemmas of Section 2, we prove the main results.
Proof of Theorem 1.1. Suppose that A := {W {s} | s ∈ S such that o(ss 0 ) = ∞ and s 0 t = ts 0 for some s 0 ∈ S \ T and t ∈T } is quasi-dense in W . We first show that for each w ∈ A, there exists v ∈ W and α ∈ ∂Σ(W T , T ) such that d(w, Im ξ vα ) ≤ N, where N is the diameter of K(W, S) in Σ(W, S) and ξ vα is the geodesic ray issuing from 1 such that ξ vα (∞) = vα.
Let w ∈ A. Then w ∈ W {s} , o(ss 0 ) = ∞ and s 0 t = ts 0 for some s ∈ S, s 0 ∈ S \ T and t ∈T . By Lemma 2.7,
For each β ∈ ∂Σ(W, S), there exists a sequence {w i } ⊂ A which converges to β, because A is quasi-dense in W . By the above argument, there exist sequences {v i } ⊂ W and {α i } ⊂ ∂Σ(W T , T ) such that d(w i , Im ξ v i α i ) ≤ N for each i. Then the sequence {v i α i } converges to β in ∂Σ(W, S) because {w i } converges to β. Therefore W ∂Σ(W T , T ) is dense in ∂Σ(W, S).
Proof of Corollary 1.2. Suppose that there exist a maximal spherical subset U of S and an element s ∈ S such that o(su) ≥ 3 for any u ∈ U and o(su 0 ) = ∞ for some u 0 ∈ U. Then W {s} is quasi-dense in W by Lemma 2.5.
(1) If s ∈ T and u 0 ∈T , then W {u 0 } is quasi-dense in W because W {s} u 0 ⊂ W {u 0 } by Lemma 2.4. Hence W ∂Σ(W T , T ) is dense in ∂Σ(W, S) by Theorem 1.1.
(2) If u 0 ∈ T and s ∈T , then by Theorem 1.1, W ∂Σ(W T , T ) is dense in ∂Σ(W, S), because o(su 0 ) = ∞, u 0 ∈ S \ T and s ∈T .
